We construct a phenomenological scattering theory for the triangular network of valley Hall states that arises in twisted bilayer graphene under interlayer bias. Crucially, our network model includes scattering between different valley Hall states within the same valley and spin. We show that in the absence of forward scattering, the network gives rise to a nested Fermi surface or flatbands known as pseudo-Landau levels, which can be understood in terms of one-dimensional chiral zigzag modes or closed triangular orbits, respectively. Furthermore, we demonstrate how unitarity and symmetries constrain the coupling between zigzag modes leading to robust nesting.
In twisted bilayer graphene (TBG) two graphene layers are stacked with a relative twist, leading to a triangular moiré pattern of alternating stacking regions which drastically alters the electronic structure [1] [2] [3] . In recent years, TBG has garnered immense interest due to the discovery of correlated insulating phases [4, 5] , superconductivity [5, 6] , ferromagnetism [7] , nematicity [8, 9] , and strange metals [10] in magic-angle TBG.
For tiny twist angles (θ < 1 • ) the lattice of TBG relaxes into sharply defined triangular AB/BA stacking domains [11] [12] [13] . When a potential bias ±U is applied between the layers, e.g. due to an electric field normal to the layers, a local gap is opened in the AB/BA stacking regions with local valley Chern number N K = −N K ≈ ± sgn(U/γ ⊥ ) where the sign corresponds to AB or BA stacking and γ ⊥ is the interlayer hopping [14] . Consequently, each valley and spin hosts two chiral modes along AB/BA domain walls that propagate in opposite directions for different valleys [14] [15] [16] [17] .
When the Fermi energy is tuned in the local gap, the low-energy excitations are entirely due to a triangular network of valley Hall states. Recently, microscopic calculations showed that the network gives rise to one-dimensional (1D) chiral zigzag modes along three independent directions related by C 3 rotation symmetry, which trivially leads to a nested Fermi surface with three C 3 -related nesting vectors [18, 19] . However, these results are inconsistent with current network theories [17] and at odds with recent transport experiments that reported interference oscillations incompatible with decoupled 1D chiral modes [20, 21] . At the moment, it is unclear how this triplet of 1D chiral zigzag modes arises from the network and how they are coupled.
In this paper, we construct a network model [22] for TBG under interlayer bias where the links of the network are given by AB/BA domain walls and the scattering nodes correspond to AA stacking regions, as shown in Fig. 1(a) . We assume that the valleys are decoupled as the moiré pattern varies slowly on the interatomic scale for small twist angles, but include scattering between the two valley Hall states for a given valley and spin. While the two valley Hall states do not scatter to each other along the links in the absence of disorder, it is not a priori clear why the valley Hall states remain decoupled when they reach the AA stacking regions where the local gap induced by the interlayer bias vanishes.
Taking into account the symmetries of TBG under interlayer bias and unitarity, we show that in the absence of forward scattering, our network model generically gives rise to a triplet of quasi 1D chiral modes as well as flatbands known as pseudo-Landau levels. These regimes differ in the relative phase acquired after a 120 • deflection between the two valley Hall states. We also show that the robust Fermi surface nesting [18, 19] can be understood in terms of a suppression of forward scattering due to the geometry of the network combined with symmetry constraints and unitarity.
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Network model -We consider a network with two chiral modes along each link which scatter at nodes that form a triangular lattice, as illustrated in Fig. 1(a) . The unit cell of this triangular chiral network is shown in Fig.  1(b) . Each scattering node has six incoming and six outgoing modes. We label the nodes by their position vector r ij = il 1 +jl 2 where l 1,2 = l(−1/2, ± √ 3/2) are the moiré lattice vectors with l = a/2 sin(θ/2) the moiré lattice constant and where a is the lattice constant of graphene. Incoming modes are denoted as a ij = (a 1,ij , a 2,ij , a 3,ij ) and a ij for the two chiral channels, while outgoing modes are denoted as b ij and b ij , such that (b, b ) t = S(a, a ) t with S the S-matrix relating incoming to outgoing modes.
To constrain the S-matrix, we take into account the symmetries of TBG under interlayer bias. At small twist angles, the symmetries of TBG become independent of the twist center [23, 24] so that we do not have to consider a specific lattice realization. Symmetries that preserve the valley are given by C 3 and C 2 T , where T is (spinless) time-reversal symmetry and C 3 and C 2 are rotations by 2π/3 and π about the z-axis with respect to the center of an AA region, respectively. Note that C 2 exchanges A and B sublattices and valleys. These symmetries impose the following conditions on the S-matrix [25] :
T :
where C 3 corresponds to a cyclic permutation of the incoming modes (a 1 , a 1 ) → (a 2 , a 2 ) → (a 3 , a 3 ) → (a 1 , a 1 ) and similar for outgoing modes.
To proceed, we first neglect forward scattering, which is a good starting point as the wave-function overlap between incoming and outgoing modes is larger for deflections than for forward scattering, simply due to the geometry of the triangular network [26] . In contrast to previous network models for TBG under interlayer bias [17] , we take into account scattering at the nodes (AA regions) between the two chiral modes belonging to the same valley and spin. The most general S-matrix that obeys C 3 and C 2 T in the absence of forward scattering is given in the supplemental material [25] . If we further assume that interchannel deflections to the left and right are equal, the S-matrix can be written as
with with real phases ϕ and φ. Using Bloch's theorem, we relate the incoming modes to the outgoing modes of the same node, (a, a
is the dynamical phase accumulated along a link with v the velocity of the chiral modes, which we assume is equal for the two valley Hall states, and M(k) = diag e ik3 , e ik1 , e ik2 with k j = k · l j (j = 1, 2, 3) and l 3 = −(l 1 +l 2 ). The network energy bands are then found from det
The phase φ in S determines the interference between the network modes and appear as phenomenological parameters. In reality, they depend on system parameters such as the Fermi energy, the interlayer bias, twist angle, etc.. However, by inspection we find that when φ = 0, the network spectrum is given by
where n ∈ Z and which is shown in Fig. 1(c) . In this case, the network spectrum is periodic in energy with period π v/l and E i,n (k + g) = E i,n+m (k) with g a moiré reciprocal lattice vector and m an integer. To gain some insight, we perform a unitary transformation U = 1 6 + iσ y e iφσz ⊗ 1 3 / √ 2 on the scattering matrix, which corresponds to changing the original basis a, a to a basis of symmetric and antisymmetric superpositions (SAS) of valley Hall states on the same link a ± = (a ± a )/ √ 2 and similar for outgoing modes. In the SAS basis, there are only interchannel deflections [25] that proceed in clockwise (counterclockwise) fashion for a + (a − ) as illustrated in Fig. 2(a) , giving rise to three independent 1D chiral zigzag channels [19] . Owing to their linear dispersion, the density of states of the 1D zigzag modes is constant and given by 2 √ 3/π vl, such that each band with bandwidth vπ/l hosts one electron per moiré unit cell (for each valley and spin).
Another special case is given by φ = π/2, which results in three doubly-degenerate flatbands per energy period v2π/l, given by (j = 0, 1, 2)
that we identify with pseudo-Landau levels [28] . In the SAS basis, there are now only intrachannel deflections, such that a + (a − ) modes perform counterclockwise (clockwise) orbits around BA (AB) domains as shown in Fig. 2(b) . Hence, the network modes are localized, leading to flatbands. Because the orbits consist of superpositions of two chiral modes with different momenta, we expect a non-trivial standing wave pattern to arise [28] . We thus find that in the absence of forward scattering, depending on the phase φ in Eq. (5), the network gives rise to 1D chiral zigzag modes or flatbands. These two regimes are consistent with microscopic calculations [18, 19] . Moreover, this shows that the pseudo-Landau levels can also be understood from the chiral network.
Chiral zigzag modes -We now explore the effect of forward scattering between the valley Hall states on the chiral zigzag modes (φ = 0). For concreteness, we consider ϕ = 0 and allow for intra-and interchannel forward scattering with probabilities P f 1 and P f 2 . We also allow for different intra-and interchannel deflection probabilities P d1 and P d2 . Here, we further assume that the intrachannel probabilities P f 1 and P d1 are equal for the two valley Hall states. In this case, current conservation requires 2(P d1 + P d2 ) + P f 1 + P f 2 = 1, and we can take
with α 1,2,3 ∈ [0, π/2]. The corresponding S-matrix is given in the supplemental material [25] . We find where f = P f 2 + i P f 1 sin χ,
First, we consider P d1 = P d2 for which δ − = 0 and χ = π/2. We find that in this case only parallel zigzag channels are coupled due to intrachannel forward scattering in the SAS basis with probability |f | 2 , which is illustrated in Fig. 3(a) . The network spectrum is now given by (j = 1, 2, 3)
where F j (k) = f * e −ikj+1 − f e −ikj+2 with j defined cyclically and which is shown in Figs. 3(b) and (c). As expected, coupling between parallel zigzag channels does not lead to anti-crossings and only warps the Fermi surface. Interestingly, the shape of the Fermi surface depends on the type of forward scattering. For P f 2 = 0, we find that the network bands are symmetric about k y as in this case F 1 (k x , −k y ) = F 2 (k x , k y ) and F 3 (k x , −k y ) = F 3 (k x , k y ). Furthermore, states at theΓ,K, andK points in the network Brillouin zone remain triply degenerate, but are shifted in energy as F j (0) = −2i P f 1 and F j (±K) = ±2e ±iπ/6 P f 1 for all j.
In general, we see from Eq. (12) that the three zigzag channels are coupled through two processes, which are illustrated in Figs. 4(a) and (b). One process is due to interchannel forward scattering in the SAS basis with prob-
2 [see Fig. 4(a) ], while the other is due to clockwise (counterclockwise) deflections from antisymmetric (symmetric) to symmetric (antisymmetric) superpositions of valley Hall states with probability δ 2 − [see Fig. 4(b) ]. Both processes lead to anti-crossings in the network spectrum as shown in Fig. 4(c) . In this case, there are no analytical solutions. Nevertheless, we find numerically that the network hosts quasi Dirac cones nearΓ and ±K, as shown in Fig. 4(d) . These nodes give rise to maxima in the density of states (DOS) which is shown in Fig. 5 . Minima in the DOS correspond to energies where the anti-crossing due to coupling of different zigzag modes is largest, which occurs at energies in between the nodes atΓ and ±K [25] .
With these results, we can understand the robustness of the Fermi surface nesting reported in Ref. 18 . Firstly, due to the geometry of the triangular network, forward scattering is suppressed as the wave-function overlap between incoming and outgoing modes is relatively smaller for forward scattering than deflections [26] . Secondly, when forward scattering is small (α 1 ≈ 0), unitarity enforces δ − ≈ 0, and therefore coupling between the three different zigzag channels is suppressed. This is shown in Fig. 6 , where we show |δ − | for (α 1 , α 3 ) consistent with C 3 , C 2 T , and unitarity, i.e. when 2 P f 1 P d1 ≥ |P d2 − P d1 |, for α 2 = π/2 (P f 2 = 0). Reducing α 2 shrinks the allowed area in the (α 1 , α 3 )-plane, which in the figure corresponds to the area enclosed by the gray-scaled curves and the right-vertical axis [25] .
Conclusions -We have constructed a phenomenological scattering theory for the triangular network of valley Hall states, which arises at low-energies in twisted bilayer graphene under interlayer bias. Our model is based solely on the symmetries of twisted bilayer graphene and unitarity of the S-matrix. In the absence of forward scat-
)plane where white regions are incompatible with symmetries and unitarity for any value of α2. The area enclosed by the gray-scaled curves and the right-vertical axis correspond to allowed (α1, α3) for given 2α2/π as denoted next to the curves.
tering, the network model gives rise to a nested Fermi surface and pseudo-Landau levels, simply by tuning the phases picked up after 120 • deflections. In this sense, we give a unified explanation of these two phenomena, both arising from the network, in terms of one-dimensional chiral zigzag modes and closed triangular orbits in the basis of symmetric and antisymmetric superpositions of valley Hall states. Furthermore, we have explored the effect of forward scattering between the valley Hall states on the chiral zigzag modes. In particular, we have shown that the robustness of the nesting arises due to the geometry of the triangular network, which suppresses forward scattering and conspires with symmetry and unitarity such that the three zigzag channels remain largely decoupled. The network model has a rich phenomenology but is simple enough at the same time to allow for qualitative predictions. Our results have important implications on electronic transport in the network regime, such as the nature of interference oscillations in recent experiments [20, 21] .
Acknowledgments -F.D. and P.R. gratefully acknowledge funding by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) within the framework of Germany's Excellence Strategy -EXC-2123 QuantumFrontiers -390837967. 
Supplemental Material

S1. SYMMETRY CONSTRAINTS ON THE S-MATRIX
First, we consider C 3 rotation symmetry which preserves the valley. We find that
where C 3 is a cyclic permutation (a 1 , a 1 ) → (a 2 , a 2 ) → (a 3 , a 3 ) → (a 1 , a 1 ) of the incoming modes as defined in Fig.  1(b) of the main text, and similar for outgoing modes. Next, we discuss the effect of C 2 rotation symmetry and time-reversal symmetry T . As these symmetries do not conserve the valley, we need to consider both valleys
Under C 2 rotation symmetry, we have
such that S K = S K . On the other hand, under time-reversal symmetry we have
such that S K = (S K ) t . Hence, the combination C 2 T enforces S K = (S K ) t and S K = (S K ) t .
S2. S-MATRIX WITHOUT FORWARD SCATTERING
The S-matrix relates valley Hall states that propagate along AB/BA domain walls at the scattering nodes (AA regions) such that (b, b ) t = S(a, a ) t with a, a six incoming modes and b, b six outgoing modes where the prime distinguishes the two valley Hall states. In the absence of forward scattering, the most general S-matrix that is consistent with unitarity and C 3 and C 2 T symmetry is given by
√ 2 e iφ cos β1 √ 2 0 sin β 1 cos β 2 sin β 1 sin β 2 e iφ cos β1 √ 2 0 e iφ cos β1 √ 2 sin β 1 sin β 2 0 sin β 1 cos β 2 e iφ cos β1 √ 2 e iφ cos β1 √ 2 0 sin β 1 cos β 2 sin β 1 sin β 2 0 0 sin β 1 sin β 2 sin β 1 cos β 2 0 − e iφ cos β1
with ϕ and φ real phases, β 2 = arcsin(cot 2 β 1 ) − π /2, and π/4 ≤ β 1 ≤ π/2. In the main text, we consider the case β 1 = β 2 = π/4 for which the left and right interchannel deflection amplitudes are equal, which is a reasonable assumption. In this case, we find 
where U = 1 6 + iσ y e iφσz ⊗ 1 3 / √ 2 is a unitary transformation that transforms a, a → a ± = a ± a e ∓iφ / √ 2 and similar for outgoing modes b, b . For φ = nπ (n ∈ Z),
S2 FIG. S1. Scattering processes for the S-matrix in Eq. (9) and their probabilities.
such that scattering modes form three independent chiral zigzag channels in the new basis. On the other hand, for φ = (n + 1/2)π (n ∈ Z),
such that scattering modes perform closed orbits around AB and BA domains in the new basis.
S3. GENERAL S-MATRIX FOR CHIRAL ZIGZAG REGIME
When we allow for forward scattering in the chiral zigzag regime (φ = 0), the S-matrix can be written as
with cos χ = (P d2 − P d1 ) /2 P f 1 P d1 such that χ is real, which corresponds to the condition 2 P f 1 P d1 ≥ |P d2 − P d1 |.
Here, we assumed that the probability for intrachannel processes is the same for the two valley Hall states and that the probability for left and right interchannel deflections is equal. Current conservation then requires 2(P d1 + P d2 ) + P f 1 + P f 2 = 1, where P f 1 (P d1 ) and P f 2 (P d2 ) are the probabilities for intra-and interchannel forward scattering (deflections), respectively, as illustrated in Fig. S1 . We take the parameterization P f 1 = (sin α 1 sin α 2 ) 2 , P f 2 = (sin α 1 cos α 2 ) 2 , P d1 = 1 2 (cos α 1 cos α 3 ) 2 , P d2 = 1 2 (cos α 1 sin α 3 ) 2 ,
with α 1,2,3 ∈ [0, π/2] under the condition that χ is real, which is graphically represented in Fig. S2 . We find that when the chiral zigzag modes are coupled (P d1 = P d2 ) there appear quasi Dirac cones in the network bands, as show in Fig. S2 . 
